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A model has been developed to predict precipitation of b-Nb in zirconium–niobium alloys. The model
considers two transformation mechanisms; in situ transformation of any retained b-Zr and homogeneous
nucleation of b-Nb. The two mechanisms are allowed to operate concurrently and compete for the avail-
able solute. The model has been calibrated and tested using data in the literature and is able to reasonably
reproduce these results without introducing non-physical fitting parameters. It has then been applied to
predict the effects of prior b-Zr fraction, oxygen content, and temperature on the precipitation kinetics of
b-Nb. These calculations predict that prior b-Zr fraction has a strong effect on the kinetics of subsequent
b-Nb evolution and that oxygen content is also critical, with higher oxygen levels predicted to result in
faster kinetics and shift in the peak transformation rate to higher temperatures.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

Second-phase precipitated particles (SPPs) are critical in con-
trolling the mechanical and corrosion properties of many impor-
tant engineering alloys. As such, a major effort has been made
over several decades to develop models that are capable of predict-
ing important characteristics such as particle volume fraction, size,
and distribution as a function of alloy chemistry and processing or
service conditions. One aim of such modelling is to gain a better
understanding of the effect of these variables on precipitation
and guide future alloy and process developments to optimize SPP
formation. Another application of SPP modelling is to provide input
data to models for property prediction.

Precipitation modelling has tended to focus on widely used al-
loys where it is known that SPPs play a particularly critical role in
determining properties. Thus for steels, age hardenable aluminium
alloys, and nickel based superalloys precipitation models have now
reached high levels of sophisication. However, there are other alloy
systems of great industrial importance where modelling efforts are
still in their infancy. An example is modelling the precipitation of
SPPs in zirconium based alloys that are widely used in water
cooled nuclear power reactors. In a recent paper, Massih and Jernk-
vist [1] have modelled precipitation in Zircaloy-2 and applied their
model to non-isothermal heat treatments as used in industry.
However, this is one of the very few examples of application of ki-
netic modelling to SPP precipitation in zirconium alloys. Latest
reactor designs utilize niobium containing alloys, e.g. M5TM [2]
(essentially a Zr–1 wt% Nb–O alloy, very similar to the Russian al-
loy E110), ZIRLOTM [3] (based on the Zr–Nb–Sn–Fe system), and
Zr–2.5 wt%Nb–O alloys, used for pressure tube material in Cana-
ll rights reserved.
dian CANDU reactors [4]. Niobium containing SPPs form in these
alloys, playing a key role in controlling corrosion resistance, hyd-
riding properties, and grain size evolution (e.g. [5–8]).

To understand the behaviour of the commercial alloys, it is first
necessary to understand the behaviour of the binary Zr–Nb system
on which they are based. In this work, a model has been developed
to predict the precipitation kinetics of b-Nb in binary Zr–Nb alloys.
Because of the commercial importance of alloys based on the Zr–
Nb system, there have been a number of studies of precipitation
(particularly in Zr–2.5 wt% Nb alloys developed for the CANDU
reactor programme) that provide data for model calibration and
testing. However, there are a number of complicating factors that
mean that not all of the data reported in the literature can be used
in model validation. Firstly, in some studies under conditions of
low Nb supersaturation, there is evidence to suggest that precipita-
tion of metastable b-Zr phase (containing 20 at.% Nb) rather than
the equilibrium b-Nb occurs [9]. Secondly, often b heat treatment
and quenching conditions are such that b-Zr is retained after cool-
ing from the b phase field [10]. This must be accounted for in a
complete model, but such a model can only be tested against
experimental data for which the retained b fraction is known,
and this is not reported in many studies. Finally, dissolved oxygen
is known to have a significant effect on the position of the b phase
solvus position [11]. Oxygen concentration is, therefore, a key
parameter in determining precipitation kinetics, but not all studies
in the literature report its value.

Two studies in particular provide detailed quantitative informa-
tion on the precipitation of b-Zr in Zr–2.5 wt% Nb alloys that is use-
ful for model testing. Williams and Gilbert [12] used transmission
electron microscopy (TEM) to measure the evolution of b-Nb pre-
cipitate size and spacing after heat treatment at 500 �C. No b was
retained on quenching in their alloy. Toffolon et al. [10,6,5] have
performed a detailed study of precipitation in Zr–Nb alloys at
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570 �C using TEM, calorimetry and X-ray diffraction. Their data
provide measurement of the overall precipitation kinetics and
the change in matrix niobium level during precipitation. Due to
the use of a reduced cooling rate, some b-Zr was retained in the ini-
tial microstructure prior to precipitation heat treatment.

There are two potential mechanisms by which b-Nb may form
during heat treatment. The first is by classical nucleation and
growth of new b-Nb directly from supersaturated a. This occurs
when the alloy is rapidly quenched from the single phase b field
to form a-martensite, supersaturated in niobium. In alloys with
no retained b prior to precipitation heat treatment, direct nucle-
ation and growth of b-Nb is observed [12,13].

The second occurs in alloys which are cooled at slow or inter-
mediate rates from the single phase b field. In this case, retained
b-Zr in present after cooling along grain boundaries. This phase is
metastable, and on heat treatment the free energy of the system
can be reduced by transformation to a and b-Nb. However, this
process is complex and can involve intermediate steps, discussed
below. Furthermore, the kinetics of the transformation can be ex-
tremely slow, taking over 1000 h at 500 �C [14].

The transformation of retained b-Zr below about 530 �C in-
volves an intermediate step in which a metastable hexagonal
phase, x [15], is observed along with b enriched in niobium, but
still below the equilibrium concentration. The metastable x then
transforms to a and enriched b-Zr (but this can be very sluggish)
and finally to the equilibrium mixture of a + b-Nb [14,4]. Above
530 �C transformation proceeds in the same way but without for-
mation of the intermediate x phase [14]. Precipitation of x is ob-
served to accelerate the transformation compared to that
expected from extrapolation of the kinetics C-curve measured for
conditions where x does not form [14]. It is important to note that
these transformations in the b-Zr phase occur even if the alloy
composition is such that the initial condition is 100% b-Zr [14].
The situation will be further complicated when the metastable b-
Zr is itself in a matrix of supersaturated a, as occurs for commercial
alloy compositions. In this case, diffusion of Nb from the supersat-
urated a to the b-Zr will also drive the transformation to b-Nb.

In practice, both in situ transformation and nucleation and
growth of new b-Nb particles can occur simultaneously. The model
developed in this paper allows both mechanisms to occur concur-
rently, competing for the available solute. The modelling approach
for nucleation, growth, and coarsening of new precipitates is based
on the Kampmann and Wagner numerical (KWN) method [16].
This is a numerical extension of the analytical Langer Schwartz
(LS) model [17], which was used by Massih and Jernkvist [1]. How-
ever, the KWN method has been widely used in precipitation mod-
elling in other alloy systems (e.g. [18,19]). To model the in situ
transformation of b-Zr a simple diffusion model due to Senior
[20] has been used, following Toffolon et al. [10]. Coupling the
two models together to predict kinetics in a system where an
in situ transformation process can occur concomitantly with clas-
sical nucleation and growth, is a key innovation in this work.

Finally, it should be noted that this paper only considers thermal
effects and the precipitation of b-Nb as a result of supersaturated
Nb retained on quenching. For application to in-reactor perfor-
mance, the effect of irradiation must also be considered. This can
have a very significant effect on the kinetics of the sluggish precip-
itation kinetics in these alloys, particularly at low supersaturations.
0.5 1 1.5 2
0

Nb in solution / atomic%

Fig. 1. Retained b-Zr fraction as a function of niobium remaining in the a matrix,
used to calculate the maximum possible fraction of b-Nb from transformation
of prior b-Zr alone, and the fraction from precipitation of supersaturated Nb present
in a.
2. The model

2.1. Thermodynamics

To produce a reliable kinetic model, it is first necessary to have a
sufficient understanding of the phase equilibria of the system
being modelled. Quantities such as equilibrium solubilities and
driving forces must be predicted and used as inputs to the kinetic
model. Recently, the Calphad approach [21] has been used to as-
sess and model thermodynamic data for the Zr–Nb–O ternary sys-
tem [11]. This provides data on the equilibrium solubility of Nb in
a-Zr as a function of oxygen content that matches well with the
experimentally determined phase diagram [22], and is used to cal-
culate the solvus composition in this work.

2.2. In situ transformation of b-Zr

In situ transformation of b-Zr to b-Nb will occur by two mech-
anisms, which will both be operational simultaneously:

(1) Decomposition of the b-Zr to a + b-Nb, possibly via the for-
mation of an intermediate x phase, depending on
conditions.

(2) Diffusion of Nb from the supersaturated matrix to the b-Zr to
provide additional niobium to drive the transformation from
b-Zr to b-Nb.

It should be noted that the first mechanism operating in isola-
tion will lead to a net reduction in the b fraction as the transforma-
tion product (b-Nb) has a much higher niobium concentration. It is
useful to consider the effect of the retained b-Zr fraction on the
maximum possible fraction of b-Nb that is possible by the two
routes identified above. This can be done with a simple Lever Rule
calculation from the known equilibrium compositions of the a and
b-Nb phases, and the assumption that the b-Zr phase initially con-
tains 20 at.% Nb. Fig. 1 shows the results of such a calculation for a
Zr–2.5 wt%Nb alloy. The x-axis of this plot shows the amount of
niobium remaining in the a phase; when there is no b-Zr clearly
all of the niobium is retained in the a. The contribution that mech-
anism 1 alone could make to the total b-Nb fraction increases as
the b-Zr fraction increases, but is only predicted to be dominant
once the b-Zr fraction is above approximately 6%, and the niobium
remaining in the matrix is less than approximately 1.3 wt% (i.e.
roughly half the total niobium content).

In the test case used for the current model, Toffolon et al. [10]
determined that the initial matrix composition contained 1.5 at.%
niobium, for which case the greatest potential contribution to the
increase in b-Nb fraction results from niobium leaving the super-
saturated a matrix (mechanism 2). The present model follows Toff-
olon et al. [10] and assumes that mechanism 2 is dominant.
Providing the retained b-Zr fraction is modest (less than about
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5% in a Zr–2.5 wt% Nb alloy), Fig. 1 suggests this will be reasonable.
This is usually expected to be the case for typical cooling rates used
in industrial processing [10]. However, the model will become
increasingly inaccurate as the retained b-Zr fraction increases
above this value as it ignores the in situ transformation of b-Zr that
will occur independently of inward diffusion of niobium (mecha-
nism 1). To include this transformation mode would first requires
a better understanding of the composition and thermodynamic
properties of the intermediate x phase.

The model for in situ transformation is based on a simple 1-
dimensional model for diffusion of niobium from the matrix to lath
boundaries (where the retained b-Zr is situated) that has already
been applied by Toffolon et al. [10] to predict solute depletion in
the matrix in Zr–2.5 wt%Nb. This model, originally developed for
Laves phase precipitation in steel [20], states that in a time step
of duration Dt the change in solute concentration at the centre of
a lath of width 2L is given by [20]:

Dci ¼
D

L2 ðci � ca
eÞDt; ð1Þ

where ci is the instantaneous concentration of solute Nb in the ma-
trix and ca

e is the equilibrium concentration of solute in the matrix
(a). In reality the solute concentration varies across each lath. How-
ever, the KWN framework used for the precipitation model relies on
the mean field method to determine the change in matrix composi-
tion. It is, therefore, necessary to also use a simplifying mean field
approximation in the in situ transformation model to calculate
the evolution of the a phase composition. As a first approximation,
the depletion in solute concentration is calculated at the lath centre
(Eq. (1)) and this change in concentration is assumed to occur across
the lath. This is also the approach taken by Toffolon et al. [10]. The
requirement for conservation of solute gives a relationship between
solute removed from the matrix and the fraction of b-Zr trans-
formed to b-Nb. This is shown graphically in Fig. 2. It is assumed
that when niobium diffuses to b-Zr, it causes transformation of a
slice of b-Zr to b-Nb. Further niobium diffusion causes the inward
growth of this b-Nb, consuming the remaining b-Zr. Balancing the
solute removed from the matrix with that taken up by growth of
b-Nb gives the increment in volume fraction of b-Nb due as:

DVbNb ¼ DciV
a

ðcbNb � cbZrÞ ; ð2Þ

where Va is the volume fraction of the supersaturated a, cbNb is the
Nb concentration in b-Nb, and cbZr is the Nb concentration in b-Zr.
Fig. 2 also shows graphically the origins of this equation, since for
conservation of solute, the two shaded regions must have the same
area.
Fig. 2. Schematic showing how the solute removed from the matrix relates to the
fraction of b-Zr transformed to b-Nb. For conservation of solute, the two shaded
areas must be equal. All terms are defined in the text.
2.3. Nucleation of new precipitates

The equilibrium solvus composition can be used to calculate the
driving force for nucleation of new b-Nb precipitates [23]

DGv ¼ �
RgT
Va

cbNb lnðciÞ
lnðca

eÞ
þ ð1� cbNbÞ lnð1� ciÞ

lnð1� ca
eÞ

� �
; ð3Þ

where Va is the molar volume of the precipitating phase.
To model growth and coarsening, it is necessary to account for

the effect of capillarity on the equilibrium composition at the par-
ticle/matrix interface. The concentration of solute in the matrix in
equilibrium with a particle of radius r may be calculated from ca

1
(the equilibrium concentration of solute in the matrix for a planar
interface) using the Gibbs–Thomson equation:

ca
r ¼ ca

e exp
2rVm

RgT
1
r

� �
; ð4Þ

where ca
r is curvature compensated matrix composition at the inter-

face for a particle of radius r, r is the interfacial energy, Vm the mo-
lar volume of the product phase and Rg and T have their usual
meanings.

In the KWN method, the classical theory of nucleation is used to
model the time dependent nucleation rate. Classical nucleation
theory gives the equation for homogeneous nucleation as [16,24]

I ¼ NvZb� exp
�4pcr�2

3kT

� �
exp � s

t

� �
; ð5Þ

where Nv is the number of nucleation sites per unit volume (equal
to the number of atoms per unit volume for homogeneous nucle-
ation), Z is the Zeldovich factor (which accounts for the decay of
some of the supercritical clusters), c is the interfacial energy of
the nucleus (which is assumed to be isotropic and size indepen-
dent), r� is the critical radius a cluster must reach to become a nu-
cleus and s is the incubation time for nucleation (the time taken to
establish the initial cluster distribution). k and T have their usual
meanings.

The critical radius depends on the driving force for transforma-
tion and the interfacial energy. Ignoring strain energy, the critical
radius may be written as:

r� ¼ �2c
DGv

; ð6Þ

where DGv is given by Eq. (3).
Using the assumption of a spherical nucleus, the Z, b� and s val-

ues may be written [24–26].

Z ¼ VaDG2
v

8p
ffiffiffiffiffiffiffiffiffiffi
c3kT

p ; ð7Þ

b� ¼ 16pc2ciD

DG2
va4

; ð8Þ

s ¼ 8kTca4

V2
aDG2

vDc
; ð9Þ

where Va is the volume per atom in the matrix, a is the lattice con-
stant of the product phase and D is the diffusivity of the solute in
the matrix, which is calculated in the usual way [27]. For the diffu-
sion of Nb in a-Zr the data of Dyment and Libanati [28] were used.

Experimentally, both homogeneous nucleation of b-Nb within
the matrix and heterogeneous nucleation (e.g. on lath boundaries)
have been observed. The present model deals explicitly with
homogeneous nucleation of b-Nb within grains, and heterogeneous
formation by transformation of prior b-Zr on lath boundaries. The
development and calibration of separate model for heterogenous
nucleation of b-Nb requires more detailed quantitative experimen-
tal information about this precipitation mode which is not yet
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available. The limitations of this omission from the model will be
discussed in the results section.

Williams and Gilbert [12] report the evolution of particle size
and spacing of homogeneously nucleated particles and this data
was used to calibrate the present model. For homogeneous nucle-
ation, the only unknown parameter in the kinetic equations is the
interfacial energy of the nucleating phase. This was adjusted until
the predicted precipitate size and spacing agreed best with that
measured experimentally [12]. Once fixed, this parameter is ex-
pected to be largely independent of changes in temperature and
thus the model can be used to make predictions for different con-
ditions, including non-isothermal treatments.

2.4. Growth and coarsening

To a first approximation, it was assumed that b-Nb particles
grow with an approximately spherical morphology at a rate con-
trolled by bulk diffusion of Nb in a-Zr (the predictions are not par-
ticularly sensitive to the choice of particle shape). The diffusion
controlled growth rate is given by [29]:

dr
dt
¼ D

r
ci � ca

r

cbNb � ca
r
; ð10Þ

where ca
r is calculated from the equilibrium concentration of solute

in the matrix for a planar interface using the Gibbs–Thomson equa-
tion (4).

Coarsening occurs when large precipitates grow at the expense
of small ones, without a change the overall volume fraction. This
process, driven by a reduction in the overall interfacial energy,
arises naturally in the KWN model. As the fraction of solute in
the matrix decreases during precipitation, the driving force for
nucleation and growth of the precipitate particles decreases and
the critical particle radius increases. Particles in the size distribu-
tion which have a radius < r� will have a negative growth rate
according to Eq. (10) and will thus start to shrink. Particles with
a radius > r� will retain a positive growth rate and will continue
to increase in size. When the size of a group of shrinking particles
reaches zero they are removed from the size distribution.

2.5. Kinetics model

The equations for nucleation and growth are coupled using
Kampmann and Wagner Numerical (KWN) model, which has been
described in detail elsewhere [16,19,30]. In this work, the nucle-
ation and growth model is run concomitantly with the in situ
transformation model (for cases where prior b-Zr is present). The
two sub-models are linked together through the competition for
available solute. The essential features of the computational imple-
mentation of the model are summarized below:

(1) The continuous time evolution of the particle distribution and
matrix chemistry is considered in terms of discreet time steps.

(2) The continuous size distribution of particles formed by
nucleation and growth is discretized into a large number
of size classes.

(3) The number of new particles in each time step is calculated
using classical nucleation theory. The exchange of particles
between size classes is calculated assuming solute diffusion
is the rate limiting process and a spherical growth morphol-
ogy. The Gibbs Thomson relationship is used to calculate the
modified interfacial compositions for each size class and at
each time step.

(4) The change in matrix solute level due to (i) precipitate
nucleation and growth, (ii) precipitate dissolution, and (iii)
transformation of prior b-Zr is calculated at each time step
using the mean field approximation.
(5) The volume fraction of b-Nb is calculated by adding up the
contribution from independently nucleated particles and
transformed b-Zr.

The resultant model is capable of predicting nucleation, growth,
coarsening, and in situ transformation without artificial con-
straints, whether these processes occur concommitantly or
sequentially. The model developed here uses a Runge–Kutta
scheme to determine the time interval for each step to ensure
model efficiency and numerical accuracy, and this is discussed in
detail elsewhere [31].
3. Results

3.1. Model calibration

The model was calibrated using two data-sets in the literature
that provide detailed information on the evolution of b-Zr precip-
itates in Zr–2.5 wt% Nb alloys for two temperatures and initial con-
ditions. Williams and Gilbert [12] performed a transmission
electron microscopy (TEM) study of precipitation at 500 �C in b
quenched material and measured the evolution of mean precipi-
tate diameter and spacing. Their measurements explicitly differen-
tiate between homogeneous precipitates formed in the matrix and
heterogeneous precipitates nucleated on twin and lath boundaries.

Toffolon et al. [10,6,5] performed heat treatments at 570 �C on
material that contained retained b after cooling and measured
the evolution of niobium in the matrix and b-Nb volume fraction
by calorimetry [10,6]. The initial condition of their alloy was such
that the measured initial niobium concentration in the matrix was
1.5 at.%, due to the presence of b-Zr. In both studies, the oxygen le-
vel reported in the alloys were similar (1400 ppm [12] and
1200 ppm [6]) and the model accounts for the (small) effect of this
difference on the solubility of niobium.

There are two calibration parameters in the model; the interfa-
cial energy of the b-Nb phase for nucleation and growth and the
lath width 2L for in situ transformation. The lath width was deter-
mined by reproducing the model results of Toffolon et al. [10]
using the in situ transformation model only (turning off the nucle-
ation and growth model). Since the same model was used, this
gave a perfect match. The interfacial energy was calibrated using
the Williams and Gilbert data-set [12], as already described.

Fig. 3 shows a comparison of the predicted and measured parti-
cle size and spacing for the best fit value of the interfacial energy. It
can be seen that for times less than about 20 h the predicted par-
ticle size and spacing agrees well with experiment. Note that the
particle spacing is predicted to first decrease (as new nuclei form),
plateau (as nucleation saturates), and then increase (as coarsening
becomes significant and small particles dissolve). The particle
spacing during the early stages is determined principally by the
nucleation rate, and the good agreement between prediction and
measurement suggests that the calculation of nucleation rate is
reasonably accurate.

However, at longer times, the model predictions increasingly
deviate from the measurements. This is during a regime where
the model predicts that precipitate evolution is dominated by
coarsening. Experimentally, this coarsening was also observed,
but it took place predominantly by growth of the precipitates
formed at heterogeneous sites, which were excluded from the
experimental data-set used to determine the particle size for
homogeneous particles. The model, however, does not explicitly
track these two precipitate populations. Therefore, an increase in
the average particle size as predicted by the model at times over
20 h is observed in reality, but is caused by preferential coarsening
of the heterogeneous precipitates and so is not reflected in the
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measurements for homogeneous particles. A more complex model
would be needed to account explicitly for the two precipitate pop-
ulations. This is not yet justified given current limitations in exper-
imental data and understanding of the precipitation process.

The final set of input parameters to the model are shown in Ta-
ble 1. Confidence in the model is increased by noting that the best
fit parameters have values that fall within the range that would be
expected for the physical values to which they relate. For example,
an interfacial energy of 0:25 J m�2 is physically reasonable and is
the same as that used for modelling nucleation of other cubic
phases in zirconium alloys [1].

The coupled model (including both transformation of existing
b-Zr and formation of new precipitates) was then applied to the
predict precipitation under the conditions studied by Toffolon
et al. [10]. Fig. 4 shows the predicted evolution of matrix niobium
level (a) and volume fraction of b-Nb (b) formed by both in situ
transformation and nucleation/growth. It can be seen that in this
case, the model predicts that in situ transformation dominates,
and the volume fraction formed by independent nucleation and
growth is expected to be very small. The depletion of niobium in
the matrix is, therefore, dominated by diffusion of niobium to the
lath boundaries, as assumed by Toffolon et al. [10], and the model
successfully reproduces the change in matrix chemistry.

3.2. Effect of prior b-Zr

With the present model it is possible to go further and investi-
gate the effect of the prior b-Zr fraction on subsequent precipita-
tion of b-Nb. It has already been shown that at 570 �C for the
case of a Zr–2.5 wt% Nb alloy, where the b-Zr fraction is sufficient
to reduce the matrix composition to 1.5 at.%, in situ transformation
is predicted to dominate. Calculations were performed for the
same alloy and conditions, but assuming an initial matrix compo-
sition of 2.5, 2, and 1.75 at.% Nb, with the remainder tied up in b-Zr.
Table 1
Model input parameters

Parameter Value

Nucleation site density Neffective 1:29� 1021 m�3

Lath width 2L 3:5 lm
Effective interfacial energy ceffective 0:19 J m�2

Activation energy for diffusion Q 131 kJ mol�1

Pre-exponential for diffusion D0 6:6� 10�10 m2 s�1

Diffusion data from Dyment and Libanati [28].
For these compositions, the initial b-Zr fraction can be seen by ref-
erence to Fig. 1 and in all cases the dominant in situ transformation
mechanism is expected to be due to diffusion of supersaturated Nb
from the a. The predicted volume fraction evolution in each case is
shown in Fig. 5.

It can be seen that for all initial matrix compositions in the
range 1.75–2.5 at.% Nb, nucleation and growth is predicted to dom-
inate the overall transformation kinetics. The rate of precipitation
reduces as the initial supersaturation in the matrix falls. The
in situ transformation mode is slow, since the diffusion distances
are greater than for homogeneous nucleation/growth, and the dif-
fusion rate of niobium in zirconium is very slow. For an initial ma-
trix composition of 2 at.% Zr, it is predicted that nucleation and
growth is essentially complete before significant in situ transfor-
mation occurs. It is interesting to note in this case that the volume
fraction of precipitates formed by nucleation and growth is pre-
dicted to decrease as the in situ transformed fraction increases.
This is because the reduction in matrix supersaturation due to dif-
fusion of niobium to the lath boundaries destabilizes the finest
homogenous precipitates, which dissolve.

An initial matrix composition of 1.75 at.% Zr results in a situa-
tion where nucleation and growth occur together during the early
stages of transformation. It should be noted that in all cases where
prior b-Zr exists, complete transformation to b-Nb had not
occurred by the end of the simulation run. Only when the initial
matrix composition was reduced to 1.5 at.% Nb did in situ transfor-
mation dominate the overall kinetics, as already discussed.

Although these calculations are untested, the predicted effect of
a change in retained b-Zr fraction on subsequent b-Nb evolution is
reasonable, and demonstrates that changing the retained b-Zr frac-
tion will have a strong influence on subsequent SPP formation
(including the size and spacing as well as volume fraction of SPPs,
which are also predicted by the model but not shown here for brev-
ity). The model also suggests that a transition from nucleation and
growth to in situ dominated kinetics will occur and for a given alloy
this is sensitive to small changes in the initial matrix solute level.

3.3. Effect of oxygen content

Oxygen is known to have a significant influence on the solubil-
ity of niobium in a-Zr and, therefore, a change in oxygen content
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Fig. 5. Prediction of the evolution of volume fraction of b-Nb in Zr–2.5 wt% Nb at 570 �C with different initial matrix compositions (at.%) and retained b-Zr fractions. The
volume fraction contributions from in situ transformation of b-Zr and nucleation/growth are also shown. Initial matrix composition (a) 2.5, (b) 2, (c) 1.75, and (d) 1.5 at.%.
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will change the supersaturation of niobium and the precipitation
kinetics. The model was used to investigate the effect of oxygen
content on the overall precipitation kinetics of b-Nb in Zr–
2.5 wt% Nb (assuming no retained b-Zr). The assumption of no re-
tained b greatly simplifies the calculation, since only the direct pre-
cipitation of b-Nb need be considered. Thus, complexities in the
shape of the time–temperature-transformation behaviour which
are seen for the in situ transformation of b-Zr [14], and are due
to the transition phases, are avoided.

The predicted overall kinetics are plotted in the form of a time–
temperature-transformation (TTT) diagram in Fig. 6, showing the
predicted time to reach a precipitate volume fraction of 1%. As
the oxygen content is increased from 300 to 1500 ppm, the time ta-
ken to precipitate 1% b-Nb is predicted to decrease sharply, and the
nose in the TTT curve moves to a higher temperature. This is due to
an increase in niobium supersaturation as oxygen level is in-
creased. The TTT diagram also shows that it is predicted that pre-
cipitation occurs most rapidly between about 520 and 540 �C
depending on the oxygen concentration.

3.4. Precipitation at lower temperature

The model testing and calibration has been carried out in the
temperature range 500–570 �C, as this is the range for which data
were available in the literature. However, for in reactor perfor-
mance, the temperature range 250–360 �C is of more interest.
One of the problems in studying precipitation experimentally is
that in the absence of radiation, the kinetics of b-Nb formation at
these temperatures are known to be very sluggish. The model
was applied to predict the expected precipitation kinetics between
250 and 350 �C for a Zr–2.5 wt% Nb alloy with 1400 ppm oxygen,
assuming no b-Zr is retained on quenching. A plot of the predicted
volume fraction of b-Nb with time is shown in Fig. 7. Since the pre-
dictions in this temperature range are far below the model calibra-
tion temperature, and there is also greater uncertainty in the phase
boundary positions, these calculations are likely to be subject to
considerable error. Nevertheless, they demonstrate that between
250 and 350 �C, b-Nb precipitation is indeed predicted to be very
slow. For example, at 250 �C, it is predicted to take over 100 years
to reach the equilibrium b-Nb fraction in the absence of irradiation.
An increase in temperature by 100–350 �C, has a marked accelerat-
ing effect on the predicted precipitation kinetics, reducing the time
to reach the equilibrium b-Nb fraction to approximately 1 week. It
is important to note that at these low temperatures, the atomic
displacements produced by irradiation will have a strong effect
on the movement of niobium, and therefore on the precipitation
kinetics of b-Nb. A complete model for in-reactor SPP evolution
would, therefore, need to ultimately include these effects.
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3.5. Evolution of particle size, number, and size distribution

One of the advantages of the KWN model is that it gives full de-
tails of the evolution of the particle size distribution throughout
precipitation. From this information, averaged precipitate parame-
ters such as mean particle size can be extracted. Fig. 8 shows the
predicted evolution of mean particle size and number density for
Zr–2.5 wt% Nb at three temperatures (assuming no retained b-
Zr). The number density evolution shows the expected shape for
a precipitation and coarsening process. The initial increase in num-
ber density is due to nucleation of new particles. The nucleation
rate then falls sharply as the matrix supersaturation is reduced,
and there is a plateau in the number density. Finally, the smallest
particles start to dissolve under the influence of coarsening and the
particle number density starts falling. It is predicted that for pre-
cipitation at 420 �C the particle size in the early stages (prior to
the transition to coarsening dominated kinetics) is very small, with
a mean particle radius of only 2 nm. For this temperature, particles
are only likely to be easily observed in the TEM once coarsening
has become established. The model results also suggest that in
many studies of b-Nb precipitation, where the microstructure is
evaluated after several hundred hours [10], the observed particles
will have undergone extensive coarsening.
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ecipitation temperatures. (b) Predicted number density evolution for the same
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After long times at elevated temperatures (e.g. 1000 h at 580 �C)
the predicted particle size distribution (PSD) tends towards a stea-
dy state shape (Fig. 9). This is similar to the distribution expected
from Lifshitz–Slyozov–Wagner (LSW) coarsening theory [32,33],
but slightly broader. Such size distributions are typically observed
experimentally after extensive coarsening, and this aspect of the
KWN model is discussed in detail elsewhere [34].

4. Conclusions

A model has been developed to predict b-Nb precipitation in Zr–
Nb alloys. The model considers two transformation modes; in situ
transformation of retained b-Zr (if present) and nucleation, growth,
and coarsening of new b-Nb particles. The model has been cali-
brated using the limited data available in the literature, and ap-
plied to make a number of predictions for Zr–2.5 wt% Nb alloys,
the conclusions from which are summarized below.

(1) There is a competition for solute between in situ transforma-
tion and new particles. The fraction of retained b-Zr, there-
fore, has a strong effect on the volume fraction and
precipitation kinetics of new b-Nb particles.

(2) The transition from transformation dominated by in situ
transformation to transformation dominated by nucleation
and growth is predicted to occur sharply as the fraction of
retained b-Zr is reduced.

(3) Oxygen content is predicted to have a strong effect on pre-
cipitation kinetics, with an increased oxygen level both
accelerating precipitation and shifting the nose of the pre-
dicted TTT-diagram to higher temperatures.

(4) In Zr–2.5 wt% Nb with no retained b-Zr the most rapid pre-
cipitation kinetics are predicted to occur between ’520
and 540 �C, depending on oxygen content.

(5) Prediction of the evolution of particle size and number den-
sity suggest that for many experimental studies, coarsening
is well established at the point that observations of precipi-
tation are made. Prior to this, at relatively low temperatures
(e.g. 420 �C), a very fine particle distribution is predicted to
form.

(6) Application of the model to temperatures typical of reactor
service (250–350 �C) suggest that in the absence of radiation
effects, the precipitation kinetics are very sluggish. For
example in a Zr–2.5 wt% Nb alloy it is predicted to take over
100 years to reach the equilibrium fraction of b-Nb at 250 �C.

(7) The predicted particle size distribution at long times shows
tends to a slightly broadened LSW distribution as expected.

(8) Modelling enables many parameters that are difficult to
measure experimentally to be tracked continuously, provid-
ing insights into the precipitation process. Validation is crit-
ical to this, and current efforts are focussed on generating
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additional experimental data to test and refine the model
presented here as well as applying it to the complex thermal
paths used in industry.

(9) For practical application to in-reactor behaviour, the effect of
irradiation on kinetics need to be accounted for in the model,
and this represents a major challenge.
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